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Gauge transformation of the Lax eigenfunction through the explicit use of Lie 
group generators is seen to generate a two-parameter Backlund transformation. 
Explicit integration of this in two particular cases leads to sech 2 0 type and 
rational solutions starting from the trivial one. A method is indicated to generate 
infinitesimal transformations around u in the sense of Steudel, which in this 
case leads to a nonlocal structure of transformations. 

Lie a lgebra  has been  successful ly  used  in the s tudy o f  non l inea r  
in tegrable  systems over  the last two decades  (Olshane t sky  and  Pere lomov,  
1981; K u p e r s h m i d t ,  1987). Later,  affine K a c - M o o d y  a lgebras  were also 
i n c o r p o r a t e d  and  e legant  results  were o b t a i n e d  by  var ious  au thors  
( K u p e r s h m i d t  and  Wilson ,  1985; Gui l ,  1984, 1985; Szmigl ielski ,  1988). 
A m o n g  the most  i m p o r t a n t  results  are de fo rma t ion ,  the Miu ra  map ,  and  
the Back lund  t r ans fo rma t ion ,  d e d u c e d  via the a u t o m o r p h i s m  of  the Lie 
a lgebra .  There  has also been  cons ide rab le  s tudy on the gauge  t r ans fo rma t ion  
theory  for  non l inea r  systems (E ichenher r  and  H o n n e r k a m p ,  1981; Hon-  
ne rkamp ,  1981). Here  we show that  it is poss ib le  to deduce  the Back lund  
t r ans fo rma t ion  for  the KdV p rob l em with an expl ic i t  rea l iza t ion  o f  the 
gauge  t r ans fo rma t ion  o f  the  Lax e igenfunct ion  in a pa r t i cu l a r  Lie a lgebra .  

To s tar t  with,  let us cons ide r  the p ro longa t i o n  s t ructure  a s soc ia t ed  with 
the KdV equa t ion  (Van Eck, 1983): 

u, + 12uux + uxxx = 0 (1) 

wri t ten as 

w = d y +  A dx + B d t  
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with A, B given in the form 

A = y - ( 2 u +  T ) z  

B = (2u~  + 8u 2 - 4 T  2 - 4 u T ) z  + ( 4 T -  4u)y  - 2uxh (2) 

where  (h, y, z) span  the Lie a lgebra  and  sat isfy 

[h, y]  = 2y;  [h, z] = - 2 z ;  [y, z] = h (3) 

T is an a rb i t ra ry  p a r a m e t e r  involved in the def ini t ion o f  the infinite- 
d imens iona l  a lgebra  A I |  C ( T )  is the r ing o f  po lynomia l s  in T 
n e e d e d  to close the p ro longa t i on  structure.  

The different ial  form w is equiva lent  to the Lax pa i r  

Ox = AO, t), = B 0 (4) 

Let us t r ans fo rm 0 as 

r  g4' (5) 

where  g ~ A~ and  can be pa r ame t r i z ed  as 

g = e~he~Ye v~ (6) 

a ,  /3, y are  a rb i t ra ry  funct ions  of  (x, t). I f  we d e m a n d  equa t ion  (4) to be 
form invar iant ,  then we must  have 

O', = B ' 0 '  (7) 0"  = A ' 6 ' ,  

Using (5) in (6), we get 

A' = gxg -1 + gAg -1 
(8) 

B' =gtg -1 + gBg -1 

using now g as given in (6), we get 

ax = - y - / 3 ( 2 u +  T)e  2~ 

yx = - ( 2 u ' +  T) + (2u + T)e  2~ - y2 (9) 

/3x = 1 - e -2~ +/32(2u + T)e  2~ + 2fly  

where  u'  is the new non l inea r  field co r r e spond ing  to (A' ,  B').  Similar ly,  
f rom the t ime par t  we get 

a ,  --- 2(ux - 4u ' )  +/3 (2 uxx + 8 u 2 _ 4 T 2 - 4u T) e 2 ~  - -  (4 T -  4u ')  y 

/3, -= (4T  - 4u ')(1 - / 3 y )  - / 3  2(2uxx + 8u 2 - 4 T 2 - 4 u T ) e  2~ 

- (4 T - 4u)  e -2~ + 4u'~/3 (10) 

% = (2 u~x + 8u'2 _ u T  2 _ 4u' T) - e 2 c t  (2ux~ + 8/~/2 - -  4 T 2 - 4uT)  

- 4 u "  y - y 2 ( 4 T - 4 u  ') 
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We now invoke the condition that it is possible to generate u from u' via 
g-1 and g i is obtained from g by reversing the sign of (a,/3, Y). This 
immediately leads to 

e2~=(2u '+ T~'/2 
\577T/ 

(11) t" 

7 =  J ( u ' - u )  dx+g( t )  

Using (11) and (9), we get 

( u - u ' )  dx+g(t) = - u ' - u -  T+(2u+  T)I/2(2u'+ T) 1/2 (12) 

It is interesting to observe that equation (12) connects the solutions (u, u') 
and implies u = u' if we set g =  T = 0 .  So we may say that (12) is the space 
part of  the required BT. On the other hand, using equation (10), we get the 
time part of  the BT as 

= ( 2 u ' x + S u ' 2 - 4 T 2 - 4 u ' T )  

[2u '+  T \  1/2 
-(2u~,x + 8u2-4  T 2 - 4 u T ) ~  2 - - f f ~  ) 

- 2u5,7 - 7 2 ( 4 T - 4 u  ') (13) 

TO check that equation (12) is actually a BT, we set g = 0 ,  u ' = 0 ,  and 
v 2 = 2 u +  T; then (12) reduces to a simple ordinary differential equation 
for v, 

dv 1 
dx - , ,Q  (v2-  T) 

which immediately integrates to 

v = - T ~/2 tanh - -  

if T = o~2/2, SO that 

c~x+ h'  

T , ax+h '  o~ 2 
u = -~ sech~ 2 - 4 sech 2 c~x2 + h' 

On the other hand, we may also set T - 0 ,  u ' = 0 ,  and u = vx, leading to 

(14) 

(15) 

vxx + 2vvx + 2g(t)vx = 0  
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which upon integration leads to 

vx+ v2+2gv = C 

and one immediately ends up with a solution 

v =/3 tanh(/3x) - g 

So, 

(16) 

whence 

1 
u =  ( x - d )  2 (18) 

We immediately observe that (15), (17), and (18) are nothing but stationary 
forms of the solitary and rational type solutions of equation (1). 

Lastly we analyze the structure of infinitesimal transformations sug- 
gested by the BT (12). Let us again assume g = 0  and set 

oo u'= u+ Y~ TnGn (19) 
n = l  

Then from (12) we get a recursion relation for the Gi by equating various 
powers of T i. We can write this as 

4uYIG,,f G,,_k+2YfGnfG,,_k_,:Y~G,,G,, k (20) 

We now set n =0,  1, 2 and solve (17), which yields 

Go= 2i',/-u exp(gi f ",/u) 

G,= [exp(2i f ~-u) ](2i~d f 2--~u+2@u+2i'~-ff ) 
i 1 1 .,/-ff 1 

G2 = [ e x p ( 2 / f  ~ / - u ) ] ( - ~  ~/-ff f ~ u u  ff~uu -2~/~ f ~uu +--8 -- f u.v/-ff 

+2i -G 
and so on. 

u = vx =/3 2 sech2(/3x) 
(17) 

/3 = C + g 2 ( t )  

On the other hand, if we choose C, the constant of integration, in such a 
manner that/3 = O, then we get from (15) 

v~ = - ( v + g )  2 
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Now,  as obse rved  by  Steudel ,  if  we deno te  (12) as 

U'= BTU 

where  B s tands  for a BT with a p a r a m e t e r  T, and  u" is ano the r  so lu t ion  
ob t a ined  v ia  T +  e, 

u " =  B T -t- cu 

then  we can write 

u"=BT+e(BT) lu' 

I f  we now e x p a n d  BT+e(BT.) -t in e, we get 

' .  u"=eTl+u, 71= (BT+eBT 1) (21) 

and  these  coefficients 71 will be the L i e - B a c k l u n d  symmetr ies  (Van Eck, 
1983). Since our  ini t ial  e x p a n s i o n  for the B r  involves non loca l  terms,  it is 
qui te  s imple  to ascer ta in  tha t  those  in (18) wilt also be nonlocal .  

Last ly,  we men t ion  t h a t  in this pa r t i cu l a r  s i tua t ion  it is poss ib le  to 
ut i l ize ano the r  form of  l ie g roup  genera tors ,  

g = ( t + m  + �9 y ) ( l + n -  �9 z)e ~+h 

= (1 + m -  �9 z)(1 + n +. y)e '~-h 

with 

and  

e ~--r = ( t  -m-m+)-ly 2= Z2=0 

m • 
rt ~ h 2= 1 

l _ m - m  +' 

Proceed ing  a long the same lines as before ,  we deduce  

uxx[4(u-u')+ T][exp(4 f uxdt)] 

x I I  dt4(u-u ' )exp(4 f u~dt)+D ] 

- [ 2 u ' ( u ' -  u~) + T (u ' -  ux)] = 0 

which  is ano the r  form of  the  x par t  of  the BT and  it is not  difficult to deduce  
also a t ime par t  via the same route.  
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The important part of  our group-theoretic approach is that it leads to 
a two-parameter BT, while in the usual BT of  the KdV equation usually 
we have only one constant. In our case one of  the parameters is supplied 
by the K a c - M o o d y  algebra itself and the other one through the constant 
of  integration. 
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